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Abstract
Fractional quantum Hall (FQH) states are topologically ordered which indicates that their essential properties are insensitive to
smooth deformations of the manifold on which they are studied. Their microscopic Hamiltonian description, however, strongly
depends on geometrical details. Recent work has shown how this dependence can be exploited to generate effective models that
are both interesting in their own right and also provide further insight into the quantum Hall system. We review and expand on
recent efforts to understand the FQH system close to the solvable thin-torus limit in terms of effective spin chains. In particular, we
clarify how the difference between the bosonic and fermionic FQH states, which is not apparent in the thin-torus limit, can be seen
at this level. Additionally, we discuss the relation of the Haldane-Shastry chain to the so-called QH circle limit and comment on its
significance to recent entanglement studies.
Keywords: fractional quantum Hall effect, Tao-Thouless limit, Haldane conjecture, rotating bosons, Haldane-Shastry model
1. Introduction
The quantum Hall (QH) system—cold electrons in two di-
mensions in a perpendicular magnetic field [1]—is a striking
example of a system where unexpected phenomena emerge at
low energies [2, 3, 4, 5, 6]. Ever since its discovery three
decades ago, the QH system has inspired a huge amount of ex-
perimental and theoretical effort, not least due to its richness
in phenomenology and mathematical structure. More recently,
it was realized that the theoretical description of a system of
rapidly rotating bosons is formally very similar to that of an
electron gas in a magnetic field [7]. While in that system the
quantum Hall regime (very rapid rotation) is not yet reached
experimentally, it provides a further incentive for theorists to
consider the QH problem also for bosons.
Many properties of FQH states are topological in a sense that
they are invariant under smooth deformations of the manifold
on which we choose to study them. Recent efforts have har-
nessed this feature and demonstrated that useful insights into
the FQH problem can be obtained by studying the interacting
many-body problem on the limit geometry of a thin torus, re-
ferred to as the the Tao-Thouless (TT) limit [8, 9, 10, 11] (see
also Refs. [12, 13, 14] for precursory studies). In this proceed-
ing we study the FQH system beyond the TT limit and argue
that important characteristics of the states are manifest in the
leading quantum fluctuations away from the TT limit. While
much of the material presented here has been published earlier
[8, 15, 16, 17], we do present a number of new results. We
extend the results of Ref. [15] by further establishing that, al-
though the TT limit is largely oblivious to particle statistics,
qualitative differences appear in the leading fluctuations. This
is consistent with the fact that bosonic and fermionic FQH
states are expected at different filling fractions. We also sim-
plify the analysis of an effective spin-1 model derived in Ref.
[16] describing fermions at ν = 1/3 by considering an alter-
native and simpler parameterization thereof. Finally, building
on Ref. [17], we make explicit the connection between the
Haldane-Shastry model [18] and the quantum Hall system in
the so-called QH circle limit.
x1
x2
Figure 1: Relation between the circumference of torus L1 and the distance
of guiding center coordinates, 2pi/L1. As L1 is decreased, the mutual sup-
port of neighboring Gaussian-weighted wave functions becomes small, one-
dimensional solvable models can be constructed. Also the limit of thick and
short cylinder (not shown), where the spatial positions of all single particle
states coincide, is amenable to a detailed analysis.
This paper is organized as follows. In Section 2 we describe
a mapping of a Landau level problem onto a one-dimensional
lattice model and in Section 3 discuss the TT limit thereof. Sec-
tion 4 gives a number of explicit mappings of the low energy
physics beyond the TT limit onto spin chains and offers ideas
on how to generalize these special cases. In Section 5 we turn
Preprint submitted to Physica E June 9, 2018
our attention to the QH circle limit formulated on a short and
thick cylinder [17, 14]. Conclusions are given in Section 6.
2. Mapping to a one-dimensional model
We consider a model of N interacting particles (fermions or
bosons) in the lowest Landau level on the torus penetrated by
Nφ quanta of magnetic flux. In the Landau gauge, a complete
basis of Nφ degenerate single-particle states, labeled by k =
0, . . . ,Nφ − 1, can be chosen as
ψk(x) = 1√
pi1/2L1
∞∑
n=−∞
eı(k1+nL2)x1 e−
1
2 (x2+k1+nL2)
2
, (1)
where Li are the circumferences of the torus, xi the correspond-
ing coordinates, and k1 = 2pik/L1 the momentum along the L1-
cycle. We have set the magnetic length lB ≡
√
~/eB equal to
unity. In this basis, any translational-invariant 2D two-body in-
teraction Hamiltonian assumes the form
H =
∑
k≥|m|
ˆVkm, ˆVkm ≡ Vkm
∑
i
c
†
i+mc
†
i+kci+m+kci, (2)
where ci and c†i are either bosonic or fermionic. The matrix-
element Vkm specifies the amplitude for a pair of particles to
hop m sites each towards each other from a separation k + m
to a separation k − m (and vice versa). The boson and fermion
matrix elements differ in the sign of the exchange term, and
consequently the amplitude of the k = |m| process vanishes for
a pair of fermions while it does not for bosons. At the filling
ν = p/q the Hamiltonian commutes with the center-of-mass
magnetic translations T1 and T q2 along the cycles [19], which
implies, in particular, that the total momentum K along the L1-
cycle is conserved modulo Nφ in this gauge.
The fermionic Laughlin state at ν = 1/3 is an exact zero-
energy eigenstate of the periodized Haldane pseudo-potential
∇2δ(r− r′) [3, 20]. The corresponding hopping amplitudes Vkm
are given by
Vkm = (k2 − m2)e−2(k2+m2)pi2/L21 . (3)
(Strictly speaking, this is the result in the limit L2 → ∞.)
For ν ≥ 1/3, this interaction is a good approximation to the
Coulomb interaction, which is formally more complicated and
includes longer-range components [3].
For the boson systems we take the potential as δ(r − r′) as-
suming that the boson QH states are realized in trapped Alkali
atoms. Then the hopping matrix elements are given by
Vkm = e−2(k2+m2)pi2/L21 . (4)
At the level of model wave functions the relation between the
bosonic and fermionic states is essentially trivial: multiplying a
bosonic state at ν = p′/q′ with the wave function of a filled Lan-
dau level gives a fermionic state at filling ν = p/q = p′/(q′+p′).
Often, but not always, this provides a simple map between the
ground states of fermions and bosons. When this works can be
understood in terms of pseudopotential considerations.
3. Thin torus limit of the quantum Hall system
On the thin torus, the mutual support of different single par-
ticle states vanishes (see Fig. 1), and it can be shown that the
interacting many-body problem becomes solvable for generic
interactions. In this limit, the Hamiltonian is diagonal in the
occupation number basis and finding the ground state reduces
to a classical minimization problem. As an example, the ampli-
tudes Vkm in (3) are exponentially damped in 1/L21. Therefore,
at small L1 the model can be approximated by a few most dom-
inant terms such as ˆV10, ˆV20, etc. In the case of Coulomb inter-
actions, longer-range electrostatic terms ˆVk0 are non-negligible
a priori but turn out to be unimportant.
Independent of the details of the real-space interaction and
the particle statistics, the ground states at any filling fraction
are regular lattices, whose mininally charged excitations are do-
main walls between degenerate ground states. An algebraic ex-
pression for the unit cell is obtained by noting that electron α is
at site
I[α/ν] , (5)
where I[x] denotes the integer closest to x. For example, for
ν = 7/18, (5) gives {I[α/ν]} = {0, 3, 5, 8, 10, 12, 15 . . .} and
hence the unit cell is 100101001010010100. In general, this
gives periodic TT ground states with a unit cell of length q that
contains p particles at ν = p/q. Hence, the ground state is q-
fold degenerate. This is of course the minimal center-of-mass
degeneracy of any state at ν = p/q as discussed above. For the
abelian quantum Hall states this is also the topological degener-
acy of the ground state and for these states the TT patterns are
adiabatically connected to the corresponding bulk states [8, 11].
4. Beyond the thin torus limit
Various scenarios are possible as L1 is increased from zero.
Numerical results on small systems indicate that for fermions
in the lowest Landau level there is always a phase transition at
filling fractions with even denominator but never for odd de-
nominators [8]. For bosons this is explored to a lesser extent,
but it has been established that at the filling ν = 1 a phase tran-
sition occurs at finite L1 [15]. Below we study the problem by
expanding away from the TT limit and explore the properties of
the generated effective spin models.
4.1. Effective spin model for ν = 1/2
For the half-filled Landau level ν = 1/2, the electron system
on a torus can be described in terms of S = 1/2 variables. Ac-
cording to Ref. [8], the effective spin Hamiltonian is obtained
in the following way. In the TT limit, the ground state is the
charge-ordered state | · · ·010101010 · · · 〉, since the matrix ele-
ments of the electrostatic term ˆV10 are dominant. Away from
the TT limit, the competition between ˆV10, ˆV20 and ˆV2,±1 can be
included as an interaction of the local spin states |10〉 → | ↑〉
and |01〉 → | ↓〉. The effective spin Hamiltonian is then given
by H = ∑Ni=1 hi,i+1 with
hi j =
1
2
(S +i S −j + S −i S +j ) + ∆S zi S zj, (6)
2
where ∆ = (V20 + V10)/4V21. It is well known that in such
a XXZ chain, a first-order phase transition from a ferromag-
netic (CDW) phase to a gapless phase takes place at ∆ = −1.
In the LLL problem, this corresponds to a finite circumference
L1 ≃ 5.3 of the torus. This is consistent with the fact that the
ν = 1/2 bulk state is gapless [21] and there is strong numeri-
cal (and circumstantial) evidence that the spin chain solution is
smoothly connected to the bulk [8]. The result holds for both
the local pseudopotential interaction and the Coulomb interac-
tion in the lowest Landau level. However, for the Coulomb in-
teraction in the second Landau level the XXZ spin chain ceases
to be a good description. Rather, longer-range electrostatic
terms, which appear up as longer-range Ising terms in the spin
model, alter the ground state and the low-energy excitations be-
fore the hopping terms become non-negligible [15]. It can be
shown that the new emergent low-energy structure reproduces
the level counting and fusion rules of the non-abelian Moore-
Read state [6], which can alternatively be obtained directly as
the TT limit of a system with three-body pseudopotential inter-
actions [10].
4.2. Effective spin-1/2 model for ν = 1 bosons
In Ref. [15], it was shown that a system of ν = 1 bosons on
a thin torus can also be described by an effective S = 1/2 spin
chain. As the details of the microscopic mapping are rather in-
volved we only outline the logic here and refer to Ref. [15] for
a detailed account. Away from the TT limit, the total Hilbert
space is truncated to a subspace including only the states where
any sequence of n consecutive sites contain either n − 1, n or
n − 1 bosons. This implies approximate charge homogeneity
on all length scales and its validity is corroborated by small
scale numerical simulations. Within this subspace it turns out
that the density gradient (with the definition that no change
in density give the same spin as the proceeding one) can be
used to identify the effective S = 1/2 degrees of freedom.
For instance the state |01112110112〉 map onto the spin state
| ↑↑↑↑↓↓↓↑↑↑↓〉 as can be seen by successfully identifying the
corresponding density variations in terms of the kinks in the
spin state: |0↑1↑1↑1↑2↓1↓1↓0↑1↑1↑2↓〉. Within this mapping we
arrive at a similar effective spin-1/2 model as the one obtained
for fermions at ν = 1/2. However, the effective spin interac-
tion turn out to be slightly different: In contrast to the fermion
case, longer-range Ising interactions arise even for the contact
interaction (4) in the lowest Landau level, and for rather generic
interactions a phase with quasi degeneracies consistent with the
non-abelian Moore-Read state is favored [15]. This is also con-
sistent with the observation that the Moore-Read state is more
stable in the boson system [7].
4.3. Effective spin-1 model for ν = 1/3
Inspired by the results above, and by the early observation
[22] of the similarities between the non-local order in FQH
states [23] and in certain integer S spin chains [24, 25, 26],
we recently studied a mapping of the ν = 1/3 FQH system
onto a spin-1 chain. Here we briefly recapitulate this work
and provide and alternative and simpler parameterization of
P T k BC M
E0 G.S. +1 +1 0 +1 0
E1 Haldane −1 −1 0 −1 0
E2 Large-D +1 +1 0 −1 0
E3 Dimer +1 +1 pi −1 0
E4 XY +1 ∗ 0 +1 2
Table 1: Discrete symmetries of the wave functions of the excitation spectra
(P: space inversion, T : spin reversal, k: wave number, and M the total S z).
BC= 1 (BC= −1) stands for (anti)periodic boundary conditions. G.S. means
the ground state. Dimer state has wave number pi.
Haldane
Large-D Dimer
Figure 2: Valence-bond-solid picture of the three gapped states in S = 1
spin chains with antiperiodic boundary conditions. If singlet bonds across the
boundary exist, they become triplet bonds. This enables us to identify these
three different states according to discrete symmetry.
the Hamiltonian interpolating between the effective FQH de-
scription and conventional Hamiltonians possessing the well
studied Haldane [24, 25] and Large-D phases. At the filling
ν = 1/3, the ground state of the truncated Hamiltonian ˆV10+ ˆV20
is three-fold degenerate, with the multiplet composed of charge-
ordered states with one electron in each three-site unit cell:
| · · · 010 010 010 · · · 〉. The leading hopping process ˆV21 in-
duces fluctuations upon these ground states through the process
|010 010〉 ↔ |001 100〉. (7)
Again, by identifying the states of the unit cell as |010〉 → |0〉,
|001〉 → |+〉, and |100〉 → |−〉, the truncated model can be
mapped to a S = 1 quantum spin chain. Validity of this approx-
imation is confirmed by the high overlap between the ground
state of the full Hamiltonian (2), which is equivalent to the
Laughlin state, and that of the truncated Hamiltonian projected
onto the above S = 1 states par three sites.
In this mapping, the ground state degeneracy does not have
any effect, since the three degenerate states have different
center-of-mass quantum numbers so that there are no nonva-
nishing matrix elements between two of these states. Then,
in terms of S = 1 variables, the effective Hamiltonian H =∑N
i=1 hi,i+1 is given by
hi j =
1
2
S +i S
−
j [1 − (S zi )2][1 − (S zj)2] + H.c. (8)
= − 1
2
S zi S
+
i S
z
jS
−
j + H.c. (9)
Note that this Hamiltonian does not have the space inversion
and spin reversal symmetries: the process |00〉 ↔ | + −〉 exists
but |00〉 ↔ | − +〉 does not. This parity breaking is a conse-
quence of the matrix elements Vkm having different amplitudes
for inward and outward hopping.
In order to identify the universality class of the ground state
3
bλ
(1 − λ)D
0
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ν = 1/3
FQH
Haldane
Large D
(a)
(b)
Dc=0.968
Figure 3: Parameter space of the model (10) connecting two phases (Haldane,
large-D phases) in the S = 1 quantum spin chain and the ν = 1/3 fractional
quantum Hall state.
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Figure 4: Excitation spectra of the N = 18 system under antiperiodic boundary
conditions for (a) D = 0 and (b) D = 2 as functions of λ. Although λ = 1
corresponds to the FQH state, and (D, λ) = (0, 0) and (D, λ) = (2, 0) are the
Haldane state and the large-D state, respectively, there are no gap closing points
in, since there are no level-crossing points between the lowest two excitations.
of the model (8), we extend the Hamiltonian as
hi j =(1 − λ)
[
Si · S j + D2 [(S
z
i )2 + (S zj)2]
]
− λ
[
1
2
S zi S
+
i S
z
jS
−
j + H.c.
]
, (10)
where the first term is the S = 1 Heisenberg chain with single
ion anisotropy. We then study the adiabaticity of deformations
from parameter regions where physical properties are already
known, such as the Haldane phase [(D, λ) = (0, 0)] and large-D
phase [(D, λ) = (2, 0)], to the model which is related to the ν =
1/3 FQH state λ = 1. This parameterization provides a simpler
alternative to the one studied in Ref. [16]. For λ = 0 it has been
known that the system undergoes a phase transition between the
Haldane state (D < Dc) and the large-D state (D > Dc). This
critical value is estimated as Dc = 0.968 ± 0.001. [27]
There exists a useful method for analyzing the S = 1 chain:
according to Refs. [28, 29], different phases in S = 1 chains
are characterized by their spectra of low-lying excitations sub-
ject to twisted boundary conditions, and phase transition points
are given by level crossings of the two lowest energy levels.
These excited states can be identified according to the discrete
symmetry of the wave functions (summarized in Table.1), as
explained by the valence-bond-solid picture[25] (see Fig. 2). In
this analysis, there are four essential excitations that make pos-
sible the identification of the four possible phases. We denote
the relevant energy levels by Ei with i = 0, 1, 2, 3, 4, where E0
is the ground state energy with periodic boundary conditions.
b
large-D large-D+Haldane ?
TT state no gap closing Bulk ν = 1/3 FQH
L1
Figure 5: Phase diagram of the ν = 1/3 FQH system as a function of the
circumference of the torus, L1. The TT limit of the FQH state corresponds
to the large-D phase of the S = 1 chain. However, at finite L1, large-D and
Haldane phases co-exist. For very large L1 the FQH/spin-chain correspondence
may still be there but this issue is beyond the scope of the present analysis.
According to the conventional classification, the gapped state
at the FQH point (λ = 1) would be expected to belong either
to the Haldane or large-D phases. Therefore, we consider the
behavior of the excitation spectra by varying the value of λ from
0 to 1 with (a) D = 0 (Haldane to FQH state) and (b) D = 2
(large-D to FQH state) as shown in Fig. 3. According to the
numerical data of the excitation energies obtained by the exact
diagonalization of N = 18 clusters, there is no level-crossing
point between the lowest two spectra in these two cases. This
implies that the FQH point is adiabatically connected to both
the Haldane and the large-D phases (see Fig. 4).
The absence of phase transitions can be understood in terms
of the discrete symmetry of the system. If the system has parity
symmetry, the transition between Haldane and large-D phases
indicated by level crossing of the low-lying excitations [27].
However, for finite λ, the model lacks parity symmetry, so that
this level crossing is absent. This is so because there are finite
matrix elements between the two parity sectors which are inde-
pendent in the parity-invariant case, and these two energy levels
hybridize. Therefore the absence of the level-crossing is due to
the breaking of parity symmetry. Arguments for the stability
of the Haldane state in terms of symmetry are also discussed in
Refs. [30, 31, 32]. Thus the FQH state (λ = 1) can be argued
to belong to both Haldane and large-D phases, and we obtain
the phase diagram shown in Fig. 5. We note however, that the
FQH state is described by a dual string order parameter rather
than the conventional one [16]. Moreover, the characteristic de-
generacies [32] of the entanglement spectrum in the symmetry-
protected Haldane phase are absent for the FQH state [33, 34].
4.4. Effective spin-1 model for ν = 1/2 bosons
Now we show that the ν = 1/2 boson system is described
by a S = 1 spin chain. The leading processes are ˆV00, ˆV10 and
ˆV11. In the TT limit, due to the two electrostatic terms ˆV00, ˆV10,
the ground state is the charge-ordered state | · · ·010101010 · · · 〉.
The hopping term ˆV11 then induces the following type of fluc-
tuations:
| · · ·10101010 · · · 〉 ↔ | · · ·10020010 · · · 〉. (11)
In terms of local S = 1 spin states |10〉 → |0〉, |02〉 → |+〉 and
|00〉 → |−〉, this fluctuation process reads
| · · ·0000 · · · 〉 ↔ | · · ·0 + −0 · · · 〉. (12)
Hence, we readily obtain the same effective S = 1 chain as in
the ν = 1/3 fermion system given in eq. (8). We also note that
the obtained S = 1 description is very robust as the electrostatic
and hopping processes collaborate rather than compete.
4
4.5. Effective spin models for generic filling fractions
Building on the above we can make some comments on the
general ν = 1/q case. For fermions the leading hopping terms
favor states where two neighboring fermions can be squeezed
to be adjacent. In particular this implies that the leading hop-
ping term V21 can be activated. While the TT states have this
property for odd q this is not the case for even q, which leads
to a competition between hopping and electrostatics in the lat-
ter case. Indeed, when there is competition it seems that the
hopping will always wins at some finite L1 leading to a phase
transition. In particular, for even q, the new ground state will
be connected to a unit cell of length 2q, which has the property
that it is hoppable to a state on which the V21 terms can act.
This scenario is confirmed numerically for small system sizes
and q ≤ 11.
For bosons, the analogous rule is that hopping favors states
connected to states on which the V11 can act. This leads to the
prediction of a phase transition if and only if q is odd. This is
indeed the case for q = 1, 2 as discussed above and is likely to
generalize to higher q.
We also note the adiabatic continuity can in fact be proven
in the case of local interactions for ν = 1/q with q odd for
fermions and q even for bosons.
It is tempting to apply an immediate generalization of the
above results to general filling fractions ν = p/q for both
fermions and bosons as we will outline below. However, we
want to stress that in such a program care is needed and that we
have so far not explored to what extent such a generalization is
feasible. At this filling, the TT ground states have unit cells of
length q containing p charges as far separated as possible [8].
The q degenerate translations of the unit cell can be thought of
as the 2S + 1 states of a spin S = (q − 1)/2, which suggests a
mapping of the FQH system at the filling ν = p/q onto an effec-
tive S = (q − 1)/2 spin chain. This makes a general connection
between odd (even) denominator fermion FQH fractions and
the integer (half-integer) spin-chains explicit. For bosons this
connection is less straightforward, since the particles need less
space just as in the ν = 1/q case.
This is of course very suggestive of the odd denominator rule
for abelian fermion states and the requirement that either the
denominator or the numerator of the filling fraction is even for
the bosonic counterparts. This is consistent with the recent con-
sistency conditions derived for TT ground states assuming that
they are adiabatically connected to the dual TT limit [35], as
well as with earlier observations [36].
5. Quantum Hall circle limit and the Haldane-Shastry spin
chain
Another limiting case of the quantum Hall system is the QH
circle limit obtained on a cylinder by letting the circumference
L1 to infinity while keeping the number of sites constant. In this
limit the single particle states can be taken as ψk = 1√L1 e
2piikx/L1
and the particles interact via an effective one-dimensional real-
space interaction [17, 14]. It can be shown that bulk FQH states
are adiabatically connected to this limit without closing the gap.
For details we refer to Ref. [17]
There are striking similarities between the the Haldane-
Shastry (HS) ground state [18] and the ν = 1/2 bosonic Laugh-
lin state. The former is given by
|ΨHS〉 =
∑
i1,i2,...,iK
ψHS(zi1 , . . . , ziK )S −i1 · · ·S −iK | ↑1 · · · ↑2K〉, (13)
where
ψHS =
K∏
i< j
(zi − z j)2
K∏
i
zi ; z j = eipi j/K . (14)
In the QH circle limit, the ν = 1/2 state has essentially the same
form:
ΨL =
K∏
i< j
sin
(
pi
L1
(xi − x j)
)2
=
K∏
i< j
(βi − β j)2
K∏
i
β
−(K−1)
i , (15)
where β j = e2piix j/L1 = eipixˆ j/K , with xˆ j = L2 x j/2pi. The extra
factor
∏K
i β
−K
i can be accommodated in (14) or else cancelled
in (15) by a simple gauge transformation (equivalent to a rigid
translation, T K2 ). The expression (15) is obtained as the QH
circle limit of the conformal image of the ν = 1/2 state on the
disk geometry upon the map z → w = L12pii ln z, where z and w
denote the disk and cylinder coordinates, respectively.
Despite their apparent similarity, the two systems differ in
the interpretation of their wave functions. In the HS state the
coefficient of a given configuration, with down spins on sites
i1, i2, . . . , iK , is (up to an overall normalization common to all
configurations) simply given by the value of ψHS(zi1 , . . . , ziK )
while the route to the occupation number coefficients is slightly
more complicated in the case of the Laughlin state. Here, the
coefficients are found by expanding in the single-particle states.
Expanding ΨL in terms of the single particle states on the QH
circle, one finds
ΨL =
∑
m1,...,mK
N{m1 ,...,mK } β
m1
i1 · · ·β
mK
iK
= (L1)K/2
∑
m1,...,mK
N{m1 ,...,mK}ψm1 (zi1 ) · · ·ψmK (ziK ), (16)
where the symmetric array N{m1,...,mK } consists of integers giving
the occupation number coefficients. If the same expansion of
the (full bulk) Laughlin state is done in Landau gauge on the
cylinder one finds that the coefficients are given by
N{m1,...,mK } → e2pi
2 ∑K
i m
2
i /L
2
1 N{m1 ,...,mK} (17)
which smoothly approaches the above expression in the circle
limit, L1 → ∞.
In Ref. [37] the “sites” in the HS state are reinterpreted by
expanding in a “momentum” basis, ˜ψm = zm [40]. By con-
struction this will give exactly the same expansion coefficients
as in the Laughlin state in the circle limit. Thus, this directly
implies that the counting of entanglement levels [33] in the HS
5
and Laughlin states are the same which is indeed concluded on
the basis of numerical simulations in Ref. [37]. Moreover, the
above analysis clearly shows that the entanglement spectra are
identical for the Haldane-Shastry ground state and the Laughlin
state in the QH circle limit and that one can continuously inter-
polate this spectra to that of the bulk Laughlin state by varying
L1. In this context we note that, it was recently shown that no
qualitative changes occur in the entanglement spectra as L1 is
varied, even in the opposite limit L1 → 0 [34] (the von Neu-
mann entanglement entropy is however dependent on L1 and
vanishes as L1 → 0 [38]). Moreover, we note that the L1 → ∞
limit on the cylinder makes the tentative notion of ”conformal
limit” recently introduced in Ref. [39] explicit.
6. Conclusions
We have studied the quantum Hall system of fermions as well
as bosons taking into account the leading corrections (quantum
fluctuations) beyond the Tao-Thouless limit. This naturally lead
to the study of effective spin models, within which we have
addressed the issue of which TT states are robust and which
are not. Explicitly, we have seen that the TT patters melt in
the case of fermions at ν = 1/2 and bosons at ν = 1 where
the system naturally maps onto spin-1/2 chains. In contrast, the
ν = 1/3 fermion and ν = 1/2 boson system map onto a spin-1
model whose dynamics cooperate with the TT state in a way
that the charge order prevails and the gap remains finite. More
generally this allows us to speculate on a possible more general
connection between the properties of spin S = (q − 1)/2 spin
chains and the quantum Hall system at filling fraction ν = p/q
for fermions and ν = p/(q − p) for bosons.
The obtained spin-models are also interesting in their own
right, and in some cases possess rather unconventional proper-
ties. In particular this is the case for the S = 1 chains which
break parity and have ground states characterized by coexisting
features of the large-D and Haldane phases, that would be sepa-
rated by a phase boundary if the parity symmetry would not be
broken.
We have also made the connection between the Haldane-
Shastry model and the quantum Hall effect explicit by consid-
ering the QH circle limit, and discussed the significance of this
connection to recent entanglement studies.
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